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Free-Molecule Flow and Convective-Radiative Energy

Transport in a Tapered Tube or Conical Nozzle

E. M. Sparrow* anp V. K. JonssoNT
University of Minnesota, Minneapolis, Minn.

An analysis is presented of the fluid flow and heat transfer characteristics of a highly rare-
fied gas passing through a tapered tube or conical nozzle. The rate of mass throughflow has
been determined as a function of the pressures and temperatures of the system and of the
tube dimensions. It is found that, at moderate and large angles of taper, the mass through-
flow is affected little by increases in tube length, except for short tubes. At small taper
angles, the mass throughflow is more sensitive to tube length. The energy transport analysis
includes simultaneous convection and radiation. Numerical results have been found for
the adiabatic wall temperature. It is found that, for surfaces that can be approximated
realistically as diffuse emitters and reflectors of thermal radiation, the results differ little

from those for pure radiation.

Nomenclature

surface area

tube cross section, small end
tube cross section, large end
accommodation coefficient
convective energy /time-area
angle factor

solution of Eqg. (3)

solution of Eq. (5)
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rate of mass throughflow
mass flux/time-area
pressure

local heat flux/time-area

gas constant
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B8 = ratio of convective to radiative efflux
v = specific heat ratio

¢ = emissivity

6 = half-taper angle

A = vertex to entrance distance
¢ = axial distance from vertex
¢ = Stefan-Boltzmann constant
T = temperature variable
Subscripts

1 = chamber 1

2 = chamber 2

r,rad = radiative

c = convective

Introduction

HE internal flow of rarefied gases has been a subject of

study for over half a century. Almost all of the work has
been concerned with parallel-walled conduits such as the
circular tube and the flat rectangular duct. Only very re-
cently has attention been directed to less elementary passage
shapes, for instance, Refs. 1 and 2. Of particular interest
among these is the tapered tube or conical nozzle, which in-
cludes the circular tube as a special case.

The paper is concerned with both the fluid flow and the
heat transfer characteristics of a highly rarefied gas passing
through a tapered tube or conical nozzle. The density level
is such that collisions among molecules of the gas are much
less probable than are collisions between the gas molecules
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and the bounding walls (i.e., the molecular mean free path is
much larger than a typical dimension of the apparatus).
This is called the regime of free-molecule flow. At these low
densities the convective energy transport is reduced greatly,
and this circumstance requires that any complete heat trans-
fer analysis include the effects of thermal radiation between
the bounding walls. Such an analysis including simultaneous
convection and radiation is presented herein.

The free-molecule fluid flow problem for the tapered tube
or conical nozzle has been studied previously in Ref. 1. The
analysis was confined to short tubes, and the problem was
formulated within the framework of the Monte Carlo-
random walk methiod. In the present study, a fundamentally
different formulation of the problem is carried out. Use is
made of an analogy between the molecular transport of mass
and energy in a low-density gas and the transport of energy
by thermal radiation. This analogy was discussed in a gen-
eral way in Ref. 3 and was extended and illustrated in Ref.
4 by application to the circular tube, which is a special case
of the tapered-tube system considered here. A comparison
of the present results with those of Ref. 1 indicates agreement
only for very short tubes. TFor the longer of the tubes con-
sidered in Ref. 1, the agreement is not too good, and this well
may be because of the approximate nature of the Monte
Carlo calculation. The present investigation Is concerned
generally with tubes much longer than those of Ref. 1.

The problem of energy transport in a tapered tube,
within the knowledge of the authors, has not been studied pre-
viously. There are a variety of specific problems that might
be considered, depending upon the thermal boundary condi-
tions that are imposed at the tube surface. Here, attention
will be directed to the problem of the adiabatic wall and,
specifically, to finding the temperature distribution along the
wall as a function of system pressures, temperatures, and
dimensions.

A schematic diagram of the tapered-tube system is pre-
sented in Fig. 1. The tube is of length L and has radii n,
and 7y, respectively, at its small and large ends. The angle
of taper is 20. The coordinate x measures the axial distance
along the tube from its small end. The tube connects two
large chambers that are of sufficient size so that equilibrium
conditions exist within each. The reflection of mass at the
tube surface and the emission and reflection of thermal radi-
ation all are assumed to be diffuse. The fluid-flow analysis
will be presented first, with the energy transport analysis to
follow later.

Fluid-Flow Analysis

Mathematical Formulation

The goal of the forthcoming analysis is to determine the
net mass flow passing through the tapered tube or conical
nozzle as a function of system pressures, temperatures, and

Fig. 1 Schematic of the tapered tube (conical nozzle)
system
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dimensions. The first step in the analysis is to find the dis-
tribution of the mass flux incident and reflected at the tube
wall as a function of position along the tube. It is useful
to note that, under free-molecule flow conditions, the molecu-
lar stream that originates in the left-hand chamber is un-
affected by the molecular stream that originates in the right-
hand chamber. Consequently, each molecular stream can
be treated independently. One begins by treating first the
stream that originates in the left-hand chamber. The results
for the simultaneous action of both streams can be found
later by direct linear superposition.

At a typical location z, [area dA (xo)] on the tube wall, the
conservation principle requires that the rate at which mass is
incident on the wall element must be equal to the rate at
which mass streams away from the element. The incident
mass comes from two distinct zones: directly from the
chamber 1, and by reflection from all other surface elements
on the tube wall. Under the assumption of equilibrium
within the chamber 1 (i.e., Maxwellian distribution func-
tion), the mass streaming into the tube per unit time and area
atz = 0is

my = p1/(2rRT;)Y? ¢y

This mass is distributed uniformly and diffusely across the
tube entrance. Making use of the analogy with thermal
radiation (for instance, see Ref. 4), the amount of this in-
coming mass which is directly incident per unit time and unit
area at xois ’

M F G4 (o) ~1 (2a)

in which Fg4(;,) —11is an angle factor.{

In addition, if m(x) represents the rate at which reflected
mass leaves a surface element per unit area at location z, then
the analogy with thermal radiation indicates that an amount$
m(x) dFqa(z)—da(z) arrives per unit time and unit area at
To. But mass arrives at x, by reflection from all loeations
along the tube, and the overall rate is given by the integral

L ! .
fz=0 M) AF 34 (z0) —dA(z) (2b)

The mass flux incident at dA(z,) per unit time and area is
obtained by summing expressions (2a) and (2b), and this
must equal the leaving mass flux m(z,); thus

L
J@o) = Faaey—1 + ﬁ) J(@)AF 34 (20) —aA () 3)
in which
f=m/m (4)

Equation (3) represents a linear integral equation that must
be solved to obtain f or m.

If an analysis similar to the foregoing is carried out for the
molecular stream that originates in the right-hand chamber
2, there is derived

L
g(x0) = Faq@py—2 + f . §(2) AP (25) —dA(z) (5)

g =m/my

The incoming mass flux m. is found by exchanging subscripts
1 for 2 in Eq. (1). It might appear that separate solutions
would have to be found for Egs. (3) and (5). However, as
will be demonstrated now, such is not the case. By the con-
servation principle, mass leaving dA (xy) will either pass out

{ Faa(z)—1 Tepresents that fraction of the diffuse radiation
leaving area dA(x,) which arrives at the disk (area = =nr?)
stretched across the opening of chamber 1.

8 dF 34 (z) —dA(z) represents that fraction of the diffuse radia-
tion leaving area dA(xzo) which arrives at another element dA(z)
on the wall.
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through the openings at « = 0 and = L or else will strike at
other locations on the tube wall; thus

L
Fasty—1 + Faay—2 + j; AFqa(zy—ada@ = 1 (6)
After substituting into Eq. (5) and rearranging, there follows
L
1 — g(o) = Faao—1+ j; (1 — 9@ dFaac) —aaw (7)

From a comparison with Eq. (3), it is seen that

g(@) = 1 — f(z) (®)

Therefore, to find the wall mass flux distribution ¢ correspond-
ing to influx from chamber 2, it is sufficient to solve Eq. (3)
for the f distribution corresponding to influx from chamber 1.

For the situation in which mass streams simultaneously
into the tube from both chambers, direct superposition gives
m = mf + myg. Introducing m; and m, from Eq. (1) and
using (8), there is obtained

m(z) = [p/(2rRT)*]f(@) + [po/ @eRT)V2][L — f(x)] (9)

With this, the net throughflow of mass through the tube
can be calculated. Let M denote the net rate of mass flow
from chamber 1 to chamber 2. Clearly, 3 is equal to the
mass streaming out of chamber 1 into the tube minus the
mass that streams back into the chamber. The latter quan-
tity includes both mass reflected at the tube wall and mass
that passes directly from chamber 2 to chamber 1 without
contact at the tube walls:

L
M = mdy — meAsFs, — L C m@dFaam -1 (10)

in which 4; = 7% and 4. = 7% This expression may be
rephrased by noting that by the reciprocity rule

A2F2-1 = A1F1—2

L L
ij; AF1_ga@) = ﬂ Faa@—1dA(z) (11a)

and also that by the conservation principle

L
Fio=1-— fﬂ dF1—qa(z) (11b)

Employing these and substituting for m(z) from Eq. (9),
there follows

M/mr? ~
[1/@rR)V2][py/(T)Y? — po/ (To)12]
1 - 7—1.1.—12_];]‘:0f<x)FdA(x)—1dA(x> (12)

It is seen from Eq. (12) that the evaluation of the mass
throughflow requires a knowledge of the function f that solves
Hq. (3). These solutions will be examined now.

Angle Factors

Before solutions of Eq. (3) can be found, it is necessary
to know the angle factors Faa(y—1 and dF g4 (m)—dac).
These quantities are unavailable in the literature and will be
derived below. For this derivation, it is convenient to
introduce an auxiliary coordinate £ that measures axial dis-
tance from the (virtual) vertex of the tapered tube. From
Fig. 1, it easily is seen that

x=§—A o= § — A A = r;/tanf  (13)

Consideration is given first to the angle factor Faap—1 be-
tween a ring element of tube surface at xy [area dA(z,); see
Tig. 1} and a circular disk stretched across the tube at @ = 0.
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The starting point of the derivation is the well-known angle
factor for diffuse interchange between two parallel, coaxial
circular. disks [for instance, Ref. 5, Eq. (31-45)]. If the
disks are separated by a distance % and have radii r, and 7,
the disk-to-disk angle factor Fa_, for radiation passing from
74 t0 15 18

Foq= {h2 + ra® + 12 —
(A2 + 1.2 + 122 — dr2n2)V2} /20,2 (14)

This may be applied to disks spanning the eross section at
z=0and 2z = 2p: these have radii Atanf and &tand, respec-
tively. By setting r, = A tanf and r, = & tan6, there fol-
lows after some manipulation

Faa(lme) = (A2 + &% — 2A& cos20 — (& — A) X

[(8 + A)2 — 45A cos20]2} /2A% sin%0  (15)
This is the fraction of the mass entering the tubc at x = 0
which passes through the cross section at z;. Similarly, the
fraction of the entering mass which passes through the cross
section at (zo + duo) is Fa—a (1, 2o 4+ dxo). The difference
between Fay (1,25) and Fa_a(1,20 + dxg) must be equal to

the fraction of the entering mass which is directly incident
on the ring dA4 (zo) ; thus

Fl—dA(:co) = FdAd(]-ny) ~ Fa_a(l,m0 + dxy) =
—(OF 4_a/0k0)dE  (16)
Then, by applying the reciprocity rule,
Faawy—1 = [A1/dA@)IF1—ga@y = — [A/dA(me)] X
(OF 4 4/080)dE0  (17a)

This may be evaluated by differentiating Eq. (15) with respect
to & and replacing [4:/dA(z¢)]d& by A? sinf/2&. The end
result of these operations is

F _ JlE = M)+ ABEH — A) sin?d
HMETLT A W& — A)? + 45A sin0]

(o —A) — A sin%?}/%o sinf  (17b)

This is the desired angle factor between a ring element at x,
and the opening of the tube into chamber 1.

The angle factor dF g4z —d4(z) between two ring elements
on the tube wall may be derived in an analogous manner.
The disk-to-disk angle factor, Eq. (14), is applied first to a
pair of disks spanning the tube cross section at  and zo; this
provides an expression for Fi_s(x,25). By pursuing argu-
ments similar to the foregoing, one finds that

02 (O
2%, of 0

>d£ (18a)

AF 44 (z0) ~dA@) = —

and after differentiating

cos?d
AF g4z ~da(m) = 2%, snf {1 — &6 — & X

(5 — &) + 65k sin’f
(8o — )% + 4E€ sin®0]*"2

As a final step, the angle factor expressions may be placed
in dimensionless form. When this has been done, it is found
that two parameters appear: the half-angle of taper 9 and
and the tube aspect ratio L/r. It will be necessary to
specify numerical values of these for each solution of Eq. (3).

} df (18b)

Distribution of Mass Incident on the Wall

Consideration now may be given to the solution of Eq.
(8). Closed-form solutions could not be found, and nu-
merical means were cmployed instead. The numerical
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technique was one of suceessive iteration, and this was carried
out on a Control Data 1604 electronic computer. The
general procedure was similar to that already described
in Ref. 4 for the circular tube. At no time during the calcu-
lations was there any difficulty in achieving convergence.

Solutions of Eq. (3) were carried out for values of the half-
taper angle 8 of 0°, 2.5°, 5°, 10°, 15°, and 22.5°. For each
one of these, L/r; was assigned values of 0.5, 1, 2, 4, §, 16, 30,
and 40. The distributions of f which thus are obtained are
plotted in Figs. 2a and 2b as a function of position along the
tube. The first of the figures is for the shorter tubes, whereas
the latter is for the longer tubes. KEach one of the figures
contains a number of grids, each of which corresponds to a
particular L/ry and has its own ordinate scale. The abscissa
scale is common to all of the grids.

In interpreting the results of Fig. 2, it should be recalled
that f represents the distribution of mass flux incident on the
tube wall corresponding to an incoming mass flux m; at z =
0. As expected, the greatest incidence of mass flux occurs
near the tube entrance at + = 0. The mass flux decreases
continuously with increasing axial distance, but at a rate
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that depends strongly on geometrical parameters. In par-
ticular, for short tubes and small angles of taper, the mass
flux distribution does not vary too much along the length of
the tube. However, as the taper angle increases, there is a
substantial variation of f even for short tubes; for instance,
for L/ry = 1 and 8 = 22.5°, f varies from 0.39 to 0.13, a drop-
off of two thirds. For tubes of moderately short lengths,
the f variation is large at all angles; for instance, for L/r, = 4
and 8 = 5°, f varies from 0.74 to 0.12. For longer tubes,
the variation of f along the length becomes even greater, with
especially sharp drop-offs oceurring for the tubes with
greater taper.

The large variations of f along the length of the tube serve
to justify the effort of solving the integral equation. It
would be expected that any approximate method based on
the assumption that f is distributed uniformly over the tube
length would lead to large errors.

Mass Throughflow Results

The net mass throughflow M now can be evaluated from
Eq. (12). These results have been plotted as solid lines in
Tig. 3 as a function of the tube aspect ratio L/r for param-
etric values of half-taper angle 6. Also appearing in the
figure are dashed lines that represent the results computed
in Ref. 1 by the Monte Carlo method. Additionally, there
is a dot-dash line that represents the asymptote for long
circular tubes, for which the right side of Eq. (12) has the
value §/(L/m).

Inspection of Fig. 3 reveals several interesting trends.
First of all, under fixed pressure and temperature conditions,
the mass flow decreases with increasing tube length for a tube
of given taper. However, the rate of this decrease depends
very strongly on the angle of taper. For tubes with large
taper angle, an increase in tube length has very little influ-
ence on the mass flow, except in the case of very short tubes.
For smaller angles of taper, the mass flow becomes more
sensitive to increases in tube length. In the limit for § = 0
(circular tube), the mass flow decreases inversely with L for
long tubes. Generally speaking, the mass flow in tubes of
given length and inlet radius 7 is larger when the angle of
taper 6 is larger.

It is seen additionally that the direction of the net flow is
from the chamber having the higher value of p/TV? to the
chamber having the lower value of p/T./2 This is true re-
gardless of the taper angle, i.e., regardless of whether r >
7o or 72 > 7. For the isothermal condition 7y = 75, the
flow direction is from high to low pressure. On the other
hand, when p; = p,, the flow direction is from low to high
temperature.

A comparison of the present results (solid lines) with the
Monte Carlo caleulation (dashed lines) indicates agreement
only for very short tubes. For the longest tubes calculated
by the Monte Carlo method, L/ry ~ 10, the agreement is not
good, with errors as large as 209, for the smallest angles of
taper. Insufficient calculation details are given in Ref. 1
to permit an appraisal of the reasons for this disparity. It

L L A O S T o S A R I 0 S A O BV
—PRESENT , ——-—MONTE CARLO METHOD, REF (I)\
—-—LONG TUBE ASYMPTOTE

\1‘\]J1I—

L]

L]

5L

L/
Fig. 3 Results for the mass throughflow
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well may be related to the approximate nature of the Monte
Carlo method. The present calculations have been checked
very carefully, and it is the expectation of the authors that
the present results as presented in Fig. 3 are accurate to well
within 19%,.

Energy Transfer Analysis

A general formulation of the heat transfer problem for
arbitrary thermal boundary conditions will be carried out
first. Later, consideration will be given to the case of the
adiabatic wall.

General Formulation

The net heat transfer ¢ per unit time and area at an ele-
mental area on the tube wall may be written as the sum of
the contributions due to thermal radiation ¢, and free-mole-
cule convection g.:

g=¢+q (19)

in which all quantities are positive when heat flows out of the
surface element. It next is necessary to relate the ¢, and ¢.
to the thermal and flow parameters of the system. These
derivations are quite lengthy, and only a general outline will
be given here.

Considering first the net radiative heat flux ¢. at a typical
location z,, there are the following contributions to be ac-
counted for: 1) the emission from the element ecT*(x); 2)
the radiation from the chambers 1 and 2 which is directly
incident and is absorbed at x; and 3) the radiation emitted
and reflected at all other locations on the tube wall which
arrives and is absorbed at ;. Under the condition of thermal
equilibrium within the chambers, the radiation streaming
into the tube at either end is blackbody radiation. The rate
at which energy from chamber 1 arrives per unit area at z, is
oT1*Faa(zpy—1. Of this, a fraction « is absorbed. Similarly,
from chamber 2, thermal radiation arrives at xo, at a rate
0To*F a4 —2 per unit area, and a fraction « is absorbed.
The absorbed energy flux described in item 3 requires a
rather lengthy derivation, the end result of which is

L
€ fo oTdFgA(ey —dA@ — (1 — a) X

L
j; 9(2)dF a4 z0) —dazy  (20)

In the derivation of expression (20), it has been assumed that
both emitted and reflected radiation is diffusely distributed,
i.e., Lambert’s cosine law is obeyed. TUpon collecting the
various energy quantities discussed in the foregoing and
assuming graybody conditions (a = ), there results

q-(%e) = acTx)) — ac[T1*Faa@y -1 + TeFad(en —2] —
L
[ teoT @ - (1 = Qe@dFasco-asr @D

The net heat flux ¢. due to free-molecule convection is de-
rived most easily by analogy with the radiation balance of
Eq. (21). To accomplish this, it is necessary to introduce
several new quantities. One of these is the thermal ae-
commodation coefficient @, which measures the extent to
which mass incident on a surface is brought into thermal
equilibrium with it. Valuable discussions of the numerical
values of the accommodation coefficient and their experi-
mental determination may be found in Refs. 6 and 7. It has
been shown* that the role of @ in the convective-transport
problem is analogous to the role of « in the radiative-trans-
port problem. Furthermore, the blackbody thermal radia-
tion from the chambers is analogous to the convective fluxes
e; and e;, as given below:

€12 = 0.5R[(vy + 1)/("/ — Dlmy 2T (22)
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in which m; and ms are defined by Eq. (1). Finally, the local
emissive power oT'%(zy) at a, is analogous to the fully ae-
commodated convective flux e(x):

(@) = 0.5R[(y + 1)/(y — 1)Im(xo) T'(w0) (23)

The local mass flux m(z,) has been derived in the initial part
of this paper and is given by Eq. (9). By making use of the
analogous quantities just deseribed in conjunction with Eq.
(21), there follows

g-(x0) = ae(xy) — aleFaaay —1 + €2Faa(ay) —2] —
L
[ lae@) ~ (1 = 00 dFasn-aacr  (24)

If the surface temperature were prescribed, then Eqgs.
(21) and (24) would serve as integral equations from which
¢- and ¢, could be determined, respectively. It may be noted
that Eqs. (21) and (24) are completely independent of one
another for prescribed wall temperature. For the case in
which the heat flux ¢ is prescribed, the situation is more com-
plex, since, in general, ¢, and ¢. would not be known 2 priori.

Adiabatic Wall

At this point, attention will be directed to the case of the
adiabatic wall, for which ¢ = 0 and ¢, = —gq. at every surface
element. After considerable manipulation, ¢, and g. can be
eliminated from Eqs. (21) and (24) with the aid of the condi-
tion ¢ = 0. From this, there results a single integral equa-
tion for the distribution of the adiabatic wall temperature:

acT4xe) + ae(m) — Qz) =

- ﬁ L i) (@ — a)dFaacm) — i —
a(l — a)dK(zo,z)] +
LL e@)[a2 — )dFqa(m) —da) — a(l — a)dK(zo,7)] (25)

in which Q(z,) represents a known function of z,:

Qzo) = [acTs* + aeldFaa(zy—2 —
[a(l — a)0T24 + (l(l — oz)eg] X

fOL Faaw) —20F aa@y —daw + lacTi* + aaldFaa@) -1 —
le(1 — a)aTi* + a(l — a)ellj;L Faay—10F g4 —daw
and dK is an abbreviation for
dK (z0,2) = fx ZOdFdA@')_dA@)dFdA(m)—dA(x/)

with z’ a dummy integration variable. Considering the
foregoing, it is quite apparent that the governing equation
for the adiabatic wall temperature distribution is highly
complex. First of all, the equation is highly nonlinear,
with the temperature appearing as T and T4 Additionally,
if dimensionless variables are used, it is found that there are
seven independent parameters that would have to be specified
for each solution:

T/2T1 pg/pl L/Tl 0
B = e/aTy* [24 a

Of these, only 8; may be somewhat unfamiliar, and this will
be discussed later. The large number of parameters is an
especially serious drawback if numerical solutions are being
contemplated. A minimum exploration of two values of
each parameter would lead to 128 cases. Clearly, the com-
putational effort for such a highly complex mathematical
system would be enormous.

For the special case in which a = q, a significant simplifi-
cation occurs. Upon adding together Eqs. (21) and (24), it
is found that heat flux terms appear only as the sum ¢, +
q., whereas temperature terms appear only as a sum ¢ +

(26)
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Fig. 4b IMustrative adiabatic wall temperatures,
L/r1 = ]., 0 = 22.5°
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Fig. 4¢ Illustrative adiabatic wall temperatures,
L/ry = 30,6 = 2.5°
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Fig. 4d Illustrative adiabalic wall temperatures,

L/ry = 30,6 = 22.5°
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oT4. If the former sum is equated to zero and the latter is
replaced by a new temperature variable

r=¢+ oT* @27

there follows

7(20) = TiFaa@y~1 + ToFdd@y—2 +
L
j; 7(@)dF 34 (z)—dA@ (28)

The foregoing is a linear integral equation for the tempera-
ture variable 7, the solutions for which can be shown to de-
pend on two parameters, 8 and L/7. Comparing Eq. (28)
with Eq. (25), the relative simplicity of the former is clearly
evident. Inasmuch as numerical solutions are involved,
the drastic reduction in the number of parameters is especially

_important. Tn addition, the linearity of Eq. (28) makes it

more amenable to numerical solution.
In deciding on a reasonable direction for the numerical

‘work, it is appropriate to look at the properties of typical

engineering materials. Surfaces that may be expected to
emit and reflect infrared radiation in an approximately diffuse
manner include nonmetals, metallic oxides, and perhaps
very rough metallic surfaces. Such surfaces have moderate
or high values for the absorptivity coefficient «. Highly
polished metallic surfaces tend to be specular-type reflectors
(i.e., mirrors) and are characterized by low values of «,
usually below 0.1. Therefore, an analytical model based on
diffusely distributed radiation should be confined realistically
to moderate or high « values. Furthermore, experimental
values of the accommodation coefficient a for various gases
on engineering surfaces that have not been cleaned physically
and chemically and purged of adsorbed gases tend to be high.
In the light of the foregoing discussion, it would appear that
the values of « and a appropriate to an analysis based on
diffusely distributed radiation should not be greatly different.

In a first attack on any problem, it is natural to consider
the simplest cases from which insights can be obtained about
the physical phenomena. Taking the foregoing discussion
into consideration and recalling the complexity of the mathe-
matical system represented by Eq. (25), the authors are per-
suaded that Eq. (28) is a more appropriate starting point for
numerical consideration than is Eq. (25). From the results
to be presented in later paragraphs it will be seen that, for
surfaces that realistically can be considered diffuse, there is
little motivation to pursue the refinements (ie., a # a)
contained in Eq. (25).

Now, turning to Eq. (28), it is seen that, because of its
linearity, it can be split up into two equations, one with
inhomogeneous term 71F 34z —1 and the other with inhomo-
geneous term 7oFga(m)—2. The first of these is essentially the
same as Eq. (3) for the f function, whereas the second is
essentially the same as Eq. (5) for the g function. Using
the solution of these prior equations, the solution for = can
be written as

T = nfl@) + nll — f@)] (29)

Then, introducing the definitions of 7 and e from Egs. (27,
22, and 23) and evaluating m(z),m:, and m. from Eqgs. (9)
and (1), there follows after some rearrangement

o (T TG) _
(2] i + 2 ()" 0= g1} 2 =

I LARE T,\¢
0+ e + 1 - s [ 82 (F)" + (F)] @

The foregoing is a fourth-degree algebraic equation for de-
termining the adiabatic wall temperature as a function of
position along the tube wall. Solutions of this quartic can
be obtained conveniently by finding the roots of the resolvent
cubic as described in Ref. 8. There are five parameters to
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be preseribed: T./T.,ps/p1,01,L/r1, and 6. Thus, in any
reasonable amount of space, it is impossible to display the
complete parametric dependence of the adiabatic wall tem-
perature. Within the limitations of space, the best that can
be done is to consider some illustrative cases in order to es-
tablish some feel for the trends. Before proceeding with
this, it is worth while discussing the range of the §8; parameter.

As indicated in Eq. (26), 8, represents the ratio of the con-
vective and radiative effluxes from chamber 1, i.e., ¢,/0Ti%
If ¢ is evaluated from Eqs. (22) and (1), the expression for
81 becomes

1 (v D) pRTY”
T2@m (v ~ 1) oTy

B (31

For air at a temperature of 500°R (room temperature), 8; =
10%p (atm). For tube dimensions on the order of 0.1 in.,
p should be no greater than 5 X 107% atm (about 4 u Hg)
in order to achieve free-molecule conditions, whereas, for
dimensions no the order of 1 in., p should not exceed 5 X
10~7 atm (about 0.4 u Hg). The values of §8; corresponding
to these two cases are 0.5 and 0.05 for T = 500°R. It further
may be noted that §; ~ T773°% 8o, B; will decrease quite
rapidly when the temperature level is raised above room
temperature. Cn the other hand, at temperature levels be-
low room temperature, 3; will be larger.

Now, consideration can be given to illustrating the para-
metric dependence of the adiabatic wall temperature. 'To this
end, Figs. 4a—4d have been prepared. The first two of these
figures are meant to typify a short tube, L/r; = 1, with Fig.
4a corresponding to a small taper angle and Fig. 4b corre-
sponding to a large taper angle. The last two of the figures
are meant to typify a long tube, L/r; = 30, with Figs. 4¢ and
4d, respectively, corresponding to small and large taper angles.
On the ordinate of each figure, there is plotted the ratio of the
adiabatic wall temperature at some z location to the adiabatic
wall temperature for pure radiation! at that same z. The
temperature ratio Ty/T) is assigned values of 1.1, 1.6, 1/1.1,
1/1.6, and the pressure ratio p./p; is given values of 3 and %.
The range of B8; on the abscissa is from 0 to 2, although it is
recoghized that only the left-hand part of the figures is ap-
propriate to temperature levels that do not go below room
temperature. Results for z/L = 0, 0.5, and 1 are given
on Figs. 4.

For most of the cases investigated, T/T\.a differed from
unity by less than 19,. To preserve the clarity of the figures,
curves were not plotted for these cases; rather, they are
tabulated. An overall inspection of the figures indicates
that interesting deviations of T/T.q from unity appear to
occur only when p, >> p; and when T « T;—in other words,
when the gas entering the large end of the tube is at an
appreciably higher pressure and an appreciably lower tem-
perature than the gas entering the small end of the tube.
Since B; ~ py, it is highly unlikely that large values of ps/p1
and large values of By will occur simultaneously. In addi-

I T'roq is calculated from Eq. (30) after deleting terms con-
taining Bi.
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tion, when T, is appreciably less than T, it is quite unlikely
that 7, will be below room temperature. Therefore, for the
situation in which p, > p; and T « T, it would appear that
the B, values will be much lower than those estimated in an
earlier paragraph. For instance, if po/p; = 3 and if the pres-
sure p. is such to provide free-molecule flow conditions when
the large end of the tube has a dimension of 0.1 in., then 8, =
($)(0.5) = 0.17 for room temperature conditions. If, on
the other hand, the pressure p. is such to provide free-mole-
cule conditions when the large end of the tube has a dimen-
sion of 1 in., then B = (}) (0.05) =2 0.017. Using these £,
values, it easily is verified from Figs. 4 that the one situation
that appeared, at first glance, to offer interesting deviations
of T/ T.q from unity does, in fact, lead to T/ Traq only slightly
different from unity. Closer inspection of the figures reveals
that, for very short tubes, T/Ta does not depend strongly
on position, whereas the opposite is true for long tubes. This
is physically reasonable.

In light of the foregoing, the authors are led to the con-
clusion that the adiabatic wall temperature can be caleulated
without appreciable error by considering only the radiative
trangport. This conclusion applies to surfaces that can be
approximated realistically as diffuse emitters and reflectors
of thermal radiation. For highly polished metallic surfaces,
which are specular reflectors, it cannot be said with any
certainty that the forementioned conclusion still applies.
An analytical approach altogether different from that given
here would have to be employed in the specular case.
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